Chapter 6

Neural Modeling
Michael N. Economo, Joan J. Martinez, and John A. White

1 Why Build Neural Models?
Given the immense complexity of the brain and nervous system, it seems
reasonable to attempt to understand its behavior by building and studying computational models. The approaches used fall along a continuum between two
extremes. At one extreme, practitioners attempt to include every relevant detail,
in essence trying to build an in silico representation of the full neural system that
can then be monitored, dismantled, and altered at will. Although this approach is
philosophically attractive, it is impossible to build a truly accurate and complete
model of even a single neuron within the foreseeable future, because so many of the
critical parameters for such a complete model are very difficult, or even impossible,
to measure. Such factors include the dendritic densities of channels, the precise
neuromodulatory states of the channels, and the spatiotemporal distributions of a
vast number of second messengers and cytoskeletal elements.
At the other extreme lie modelers who purposefully and unapologetically
construct oversimplified models. This approach allows one to build a model
with a fairly limited number of free parameters, and thus a model that can
potentially be understood fully and in detail. However, by construction, such
simple models leave out a host of presumably important details. Modelers taking
this approach are criticized for picking the important details, rather than letting
the model tell them what is important. In the worst cases, such models can often
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legitimately be criticized as having been “rigged” to give a particular answer,
without providing meaningful insight into the mechanisms.
As in most ideological arguments, day-to-day neural modelers lie at some point
on this continuum. Most who take more detailed approaches are aware that they,
too, make many unavoidable choices in building the model. Most of the detailfocused work is at the cellular level, but the best practitioners of detailed network
models are meticulous in exploring the relevant parameter spaces and in trying to
draw general conclusions from complex simulations. The best of the work with
more reduced models avoids the trap of “rigging” the model to give an inescapable
result, and instead produces a result that the community would not have guessed a
priori. No matter what the style of the model, the most useful modeling work makes
nontrivial predictions and is experimentally falsifiable.
Regardless of the style and choices of the modeler, what are the purposes of
neural modeling? Below is a partial list:
1. Keeping track of complex nonlinear interactions. Even many of the simplest
neural models are highly nonlinear, making it difficult to reason through multiple interactions. Computational models allow us to examine such interactions,
quantitatively and qualitatively.
2. Fitting experimental data. A model with a tractable number of parameters can be
used extremely effectively to fit experimental data, and thus to make those data
useful more broadly. If a given class of model cannot fit trustworthy data, then
one is in a good position to reject that class of model and posit a new class.
3. Understanding the implications of collected data. We experimentalists often
collect our data using deliberately simplified stimuli. Computational models can
represent an important step in understanding the implications of a given biophysical mechanism for neural data processing under more general conditions
than in the original experiment.
4. Guiding novel experiments. For many laboratories, neural models represent a
rigorously stated hypothesis, hopefully with clear implications that can be tested
experimentally. In this way, the refinement of computational models via feedback from experiments represents a particularly rigorous form of the scientific
method. We are well behind the physics community in the degree of productive
interaction between experiments and models, but we are making progress.
5. Testing one’s understanding of a proposed mechanistic explanation. It is one
thing to have a basic understanding of the Carnot cycle; it is quite another to
build an efficient internal-combustion engine. Building a computational model
that can reproduce data or perform a task is often a strong test of our understanding of a neural circuit. Often, we find that our less-than-rigorous hypothesis
is inadequate in some fundamental way. An even more rigorous test comes in
building a physical, rather than simulated, version of the model.
In building a model, one’s methods should meet one’s goals. Conductance-based
models of the Hodgkin–Huxley form (Sects. 3–6) are superb for understanding the
effects of a novel set of ion channels on neuronal integration, but these models
are known to be wrong in some of the fine details, and are not adequate to describe
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the gating (turning off and on) of single ion channels. Integrate-and-fire and similar
models (Sect. 7) have the immense advantage of mathematical tractability, but they
are too abstract for many studies of membrane mechanisms. Commonly, the most
detailed portions of a model represent the most detailed and trustworthy data and/or
the mechanism of particular interest of the study.

2 Basic Properties of Excitable Membranes
2.1

Membrane Properties

Excitable cells, including neurons in the nervous system, cardiac myocytes in the
heart, and beta cells of the pancreas, carry information in the voltage difference
across their membranes. The lipid membrane of a cell separates the charged ions
within the cell from charged ions in the extracellular medium. The collection
of ions near both sides of the membrane creates an electric potential difference
across the cell membrane. Static in non-excitable cells, this electrical potential
changes dynamically in their excitable counterparts. The membrane potential of
a cell is defined as
Vm ¼ Vin  Vout ;

(6.1)

where Vin and Vout are the internal and external potentials, respectively.
Cell membranes are primarily composed of two elements: a lipid bilayer that
forms the bulk of the surface area and membrane-bound proteins interspersed
throughout the lipid bilayer. Although the lipid bilayer is largely impermeable to
charged ions, transmembrane ion channel proteins are able to selectively control the
flow of distinct ion species into and out of the membrane. The inward flow of a
positively charged ion (commonly Na+ or Ca2+) results in an inward current and
increases the membrane potential. Similarly, the outward flow of positive ions
(commonly K+) produces an outward current and moves the membrane potential
to more negative values. If a negatively charged ion, such as Cl, moves across the
membrane, the effects are reversed with respect to the direction of ion flow.
Section 3 describes the manner in which distinct ion fluxes are controlled by
excitable cells in order to integrate, process, and transmit electrical signals.

2.2

Equivalent Circuit Representation

We first consider a small isopotential cell with a lipid bilayer membrane. In this case,
there is no spatial variation in electrical potential within the cell or in the extracellular
space. The passive properties of this cell can be easily represented using elements
common in electrical circuits. The circuit analogs of cellular components and their
contribution to the flow of ionic currents are described.
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Membrane Capacitance

The lipid bilayer of a neuron acts as a thin, insulating membrane, separating
positive and negative charges and endowing it with an intrinsic capacitance.
The capacitance of a small isopotential cell, Cm, is defined as the amount of charge
that must accumulate across the membrane to achieve a membrane potential Vm.
In any cell, Cm ¼ Q/Vm, where charge Q is a measure of the ions near the
membrane, and Vm is the resulting membrane potential. Commonly, units of
millivolts (mV) for Vm and nanofarads (nF) for Cm are used when describing
these quantities.
Following a change in voltage across the membrane, ions redistribute on each
side of the membrane. This produces a capacitive current, which is defined as
Ic ¼ C m

dVm
;
dt

(6.2)

where Ic is in nanoamps (nA) when units for the other quantities are as defined
above and time is in milliseconds (ms).

2.2.2

Membrane Conductance

A current may also flow across the cell membrane in response to a static potential
difference. In this case, the magnitude of current flow is governed by the resistance of this structure, Rm, which is itself a function of the composition of the
membrane and the presence of ion channel proteins. The membrane conductance,
Gm, is the inverse of the membrane resistance,
Gm ¼

1
;
Rm

(6.3)

and is measured in nanosiemens (nS) when resistance has units of gigaohms (GΩ).
When a voltage difference exists between the interior and exterior of a small
isopotential cell, a resistive current flows through the membrane according to
Ohm’s law:
I R ¼ G m  Vm :

(6.4)

Analysis of current flux becomes more complex when the flows of distinct ionic
species are considered. In general, Eq. (6.4) will include fluxes of multiple ions,
each with variable conductances and behavior that accounts for different internal
and external concentrations of each ion. These additional factors will be discussed
in detail in Sect. 3.
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Fig. 6.1 (a) Simple electrical-circuit representation of a passive membrane. (b) Response of
passive membrane to external injected current pulses

2.2.3

Normalized Units for the Passive Membrane

In cellular neuroscience, membrane properties are often normalized by the surface
area of the membrane, so as to describe the intrinsic characteristics of a patch of
membrane independent of the size or morphology of a given cell. In normalized
units, we have the specific membrane capacitance, cm, in units of microfarads per
square centimeter (mF/cm2), the specific membrane resistance, rm, in units of
kilohms per square centimeter (kΩ/cm2), specific membrane conductance, gm,
in millisiemens per square centimeter (mS/cm2), and current densities, ic and iR,
in nanoamps per square centimeter (nA/cm2). When considering normalized
quantities, one may calculate the characteristics of an entire cell by multiplying
each quantity by the surface area of the cell of interest. Quantities normalized
by surface area generally have larger units than in the non-normalized case
(e.g. mA/cm2 vs. nA), as the surface area of many mammalian neurons is much
less than one centimeter squared.

2.2.4

Passive Membrane Representation

To account for the resistive and capacitive qualities of the cell membrane, we may
construct a circuit model of a patch of passive membrane by considering a resistance in parallel with a capacitance (Fig. 6.1a). These elements separate the interior
of the cell, with voltage, Vin, from the extracellular space, with voltage, Vout. If an
extrinsic current, Iinj, is applied to the interior of the cell, as may be introduced
experimentally with a recording pipette, then we may determine the behavior of the
membrane using Kirchhoff’s current law. Under this condition, all currents flowing
into each node must sum to zero. This condition can be represented as
0 ¼ Iinj  Ic  IR ¼ Iinj  Cm

dVm
 Gm Vm :
dt

(6.5)
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Rearranging Eq. (6.5) produces an expression describing the behavior of the
membrane potential in response to internal current injection. This is the passive
membrane equation:
t

dVm
¼ Vm þ Iinj =Gm ;
dt

(6.6)

where t is the time constant of the membrane, defined as t ¼ Cm/Gm, in units of
milliseconds. The time constant is a measure of how fast the membrane potential
changes. Specifically, it measures the time it takes for the membrane potential to
reach within e1 (approximately 37%) of its steady-state value following a step
change in voltage. Neuronal membranes typically have a time constant between 1
and 100 ms. The behavior of a passive membrane to step changes in injected current
is depicted in Fig. 6.1b. For both charging and discharging, Vm moves exponentially
from its initial value (either zero or Vss in this example) to its final value (either Vss
or zero here) with time constant t.

3 Excitability
3.1

Electric Potentials

Although the passive membrane is a useful tool for the investigation of basic
membrane properties, one must consider the behavior of individual ions in order
to understand the dynamics of voltage in excitable cells. Here, we review
the highlights of this material, which is covered superbly and in detail elsewhere
[1, 2]. The central point in considering ionic fluxes is that they are driven by
gradients in both electrical potential and chemical potential. This chemical potential arises when the concentration of an ion differs in the cytoplasm of a cell and in
the extracellular milieu. The principal charge carriers responsible for excitable
behavior are sodium, potassium, and chloride ions (Na+, K+, and Cl), and so we
will describe the chemical potentials acting on these species. The concentration of
potassium ions is much higher inside the cell than outside, while the
concentrations of sodium and chloride are much lower inside the cell relative to
the exterior (Table 6.1). Although the concentrations of these ions are different
inside and outside of the cell, the sum total of all charges on both sides of the
membrane must be zero to maintain electroneutrality. In the extracellular space,
the charge introduced by sodium ions is largely canceled by negatively charged
chloride ions, and inside of the cell, the positive charges introduced by potassium
ions are canceled by the presence of a large population of organic anions, to which
the cell membrane is impermeable (and therefore do not contribute any flux).
Because of these differences in concentration, a diffusive flux exists for each ion
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Table 6.1 Internal and external concentrations of common ions in mammalian neurons [3]
Ion
Na+
K+
Cl
Ca2+

[Internal] (mM)
15
140
4
0.1

[External] (mM)
145
5
110
2.5

Nernst potential (mV)
+61
90
89
+136

as it diffuses down its concentration gradient. This density of diffusive flux
is described by Fick’s first law in one dimension, here expressed in steady-state
(non-time-varying) form:
jdiff;i ¼ Di

d½i
;
dx

(6.7)

where the coordinate x represents distance across the membrane, jdiff,i is the
diffusive flux (in mol cm2 s1) of an ion, i, [i] is the concentration of the ion (in
moles) as a function of distance, and Di is the diffusion coefficient of the ion,
a measure of how fast the ion can diffuse across the membrane (in cm1 s1).
This concentration gradient represents a chemical potential (analogous to a voltage
gradient or electrical potential) that drives a flux of the ion to the right in Fig. 6.2a.
The subsequent flow of ion i down its concentration gradient and across the cell
membrane results in an accumulation of excess charge on one side of the membrane
and produces a shift in the electric potential across the membrane. An ionic flux in
the opposite direction is initiated resulting from the electric potential. The net flux
density of the ion is
jnet;i ¼ Di

d½i Di zi F dV

½i
;
dx
RT
dx

(6.8)

where zi is the valence of the ion, R is the ideal gas constant (8.314 J K1 mol1),
F is Faraday’s constant (96,485.4 C mol1), and T is the absolute temperature in
degrees Kelvin [2]. Multiplying by Faraday’s constant and the ion’s valence
produces the Nernst–Planck equation for steady-state conditions:


d½i Di zi F dV
þ
½i
Ii  zi Fjnet;i ¼ zi F Di
;
(6.9)
dx
RT
dx
where Ii is the flow of ion i in amperes per centimeter squared (A cm2) and the sign
“” means “equivalent by definition.” The Nernst–Planck equation describes the
current density of a particular ionic species through the membrane. At equilibrium,
the magnitude of flux of ion i due to its chemical potential equals its flux due to the
electrical potential but flows in the opposite direction (Fig. 6.2b). Solving for
the equilibrium condition of zero net current for an individual ion and integrating
yields the Nernst equation,
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Fig. 6.2 (a) A difference in
concentration [i] of a cation i
across a semi-permeable
membrane, with no voltage
gradient, results in diffusion
of the ion down its
concentration gradient.
(b) If the system is allowed
to equilibrate, the cation
redistributes, reducing the
chemical potential that drives
diffusion, while
simultaneously increasing the
electrical potential. When
the electrical potential is
equal and opposite to the
chemical potential, the
system is in equilibrium.
At equilibrium, the electrical
potential is equal to the
Nernst potential for ion i

Vieq ¼

RT ½iout
ln
;
zi F ½iin

(6.10)

where the concentrations, [i], denote the concentration of the ion on each side of the
membrane. Vieq is called the reversal potential, or Nernst potential, of ion i and is
commonly written as Vi for simplicity. The term “reversal potential” is a reference
to the fact that the net flux of an ion reverses direction when the membrane potential
crosses the Nernst potential for that ion. When the membrane voltage exactly equals
the Nernst potential, no net movement of charge across the membrane occurs for
that particular ion. For example, K+ has a valence of +1, and a typical mammalian
cytoplasmic concentration of 140 mM and an extracellular concentration of 5 mM.
The Nernst potential for K+ can be calculated at 37  C using Eq. (6.10) as 90 mV.
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At this potential, there is no net influx or efflux of K+ ions. If the cell membrane was
permeable only to K+ ions, K+ ion flux would tend to bring the membrane potential
toward its reversal potential and its resting membrane potential would be 90 mV at
steady state. Approximate Nernst potentials for common ions are given in Table 6.1
for mammalian neurons under physiological conditions.

3.2

Resting Potential

Cellular membranes contain a variety of ion channels and are permeable to several
different ions. The Nernst equation may be generalized to determine the equilibrium potential when multiple ionic species are present with unique permeabilities
and concentration gradients. In this case, a dynamic equilibrium occurs, in which
the net ionic current of each species is nonzero, but the total current summed over
all ions equals zero. If one assumes that the change in voltage across the membrane
is linear (the so-called constant field assumption), the resting potential for a
membrane permeable to Na+, K+, and Cl can be calculated using the
Goldman–Hodgkin–Katz (GHK) equation,
Vm ¼

RT PK ½K þ out þ PNa ½Naþ out þ PCl ½Cl in
ln
;
F
PK ½K þ in þ PNa ½Naþ in þ PCl ½Cl out

(6.11)

where Pi denotes the permeability of the membrane to ion i. In the GHK derivation,
Pi is defined as the diffusion coefficient Di divided by membrane thickness.
Note that the Cl concentrations appear on opposite sides of the fraction compared
to the K+ and Na+ terms; this is due to the negative valence of Cl.
A second method of deriving the resting potential arises when one assumes that
resting fluxes of each ion are linearly related to the difference between membrane
potential and the Nernst potential for that particular ion. In this case, the resting
potential is given for our three-ion system by a simple combination of conductances
(GNa for sodium, GK for potassium, and GCl for chloride) and Nernst potentials
(VNa, VK, and VCl, respectively):
Vm ¼

GNa VNa þ GK VK þ GCl VCl
:
GNa þ GK þ GCl

(6.12)

Both methods of calculating the resting potential yield close approximations of
the correct value, although the stated assumptions of the GHK equation generally
yield smaller errors. In the absence of activity, most neurons have a resting
membrane potential of approximately 70 mV, as the cell membrane is more
permeable to K+ and Cl ions than Na+ ions. A membrane potential shift away
from this “polarized” resting potential and toward zero is called a depolarization.
Alternatively, a shift to potentials more negative than the resting potential is termed
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a hyperpolarization. If the membrane potential shifts from the resting potential to
zero and then to increasingly positive potentials, it is still referred to as a depolarization, contrary to a literal interpretation of the term.

3.3

Voltage-Gated Conductances

Thus far, we have described membrane permeability as a static quantity. However,
a host of transmembrane channels whose permeabilities change dynamically
are present in the membranes of excitable cells. Of particular importance are
voltage-gated ion channels, whose pores switch between open and closed states
probabilistically depending on the voltage across the membrane at the position of
the channel. Ubiquitous among all excitable cells are voltage-gated Na+ and K+
channels, which display preferential specificity for a single ionic species in the open
state. The presence of these, and other, channel populations in the cell membrane
result in highly nonlinear behaviors of membrane potential in response to
perturbations. Chief among these behaviors are the generation of the action potential, an all-or-nothing transient depolarizing spike in membrane potential responsible for representing and transmitting information in the nervous system of all
animals.

3.4

The Hodgkin–Huxley Model: Action Potentials
in the Squid Giant Axon

In 1952, Alan Lloyd Hodgkin and Andrew Huxley published a series of papers,
culminating in a quantitative biophysical model of membrane currents and the
mechanism by which they produce action potentials [4]. This work established a
phenomenological model of action potential generation in terms of experimentally
measurable ionic conductances, membrane potential, and current flow. The approach
of Hodgkin and Huxley has offered an experimental and theoretical framework for
examining a broad class of neuronal models, and upon its introduction, became a
foundation for understanding neural excitability. Hodgkin and Huxley shared the
Nobel Prize in Physiology or Medicine in 1963 with John Carew Eccles “for their
discoveries concerning the ionic mechanisms involved in excitation and inhibition in
the peripheral and central portions of the nerve cell membrane.” For reasons
discussed in Sect. 3.6, the Hodgkin–Huxley formulation remains extremely useful
after more than a half century.

3.4.1

Voltage Clamp and Space Clamp

In the late 1940s, it was understood that membrane currents both contributed to and
were dependent on the membrane potential. This coupling between membrane
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Fig. 6.3 (a) Schematic of a two-electrode voltage-clamp experiment. (b) Circuit diagram of the
space-clamped Hodgkin–Huxley model of neuronal excitation

potential and current presented a significant experimental hurdle, as it was difficult
to study either without controlling for one. Additionally, the capacitive current
complicated the study of these ionic currents, as it was not possible, given electrophysiological techniques at the time, to separate individual components of membrane current. Finally, experimental constraints led many researchers to focus on
the study of very large neurons, which cannot be approximated as isopotential.
Instead, large axial currents, those flowing between sections of the cell that do not
have the same transmembrane potential, were present and difficult to distinguish
from transmembrane currents.
Hodgkin and Huxley exploited two techniques to address these problems:
the voltage clamp and space clamp. To allow for easier experimental access, they
studied the giant axon of the squid Sepia loligo, taking advantage of its large
diameter. They introduced electrodes to measure potential and inject current in
both the extracellular medium and within the cell. The voltage-clamp technique
(Fig. 6.3a) used a feedback amplifier to hold the voltage across the membrane
constant. This technique uncoupled the ionic currents from the membrane potential
and custom circuitry was employed to eliminate the capacitive current. The spaceclamp technique utilized a long wire, carefully threaded into the squid axon
intracellularly, to short circuit the voltage of the axon, resulting in the same value
of voltage at all positions along its length. As such, this made the entire intracellular
space of the cell isopotential, eliminating any axial currents. The combination of
these technical advances allowed Hodgkin and Huxley to analyze the dynamics
of the conductances mediated by voltage-gated Na+ and K+ channels. In order to
separate voltage-clamp responses into their ionic components, they used the painstaking method of ionic substitution within their salt solutions to manipulate the
Nernst potentials VNa and VK independently. (Thankfully, we now have access to
channel blockers, making the process of separating ionic currents much easier than
it was a half-century ago.)
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Ionic Conductances

In order to reveal the mechanisms responsible for action potential generation,
Hodgkin and Huxley quantitatively described three principal ionic conductances
present in the squid giant axon: the Na+, K+, and leak conductances. Although
voltage-gated Cl channels do not play a major role in the squid giant axon, these
ions do contribute to the leak conductance, a “catch-all” term used to denote all
static conductances in the membrane. All currents that result from static
conductances linearly and instantaneously depend on voltage according to Ohm’s
law. As a result, they may be combined into a single conductance mathematically,
the leak conductance, the reversal potential of which does not necessarily correspond to the Nernst potential of any single ion.
To fully describe the dynamics of each conductance, Hodgkin and Huxley
determined the amount of activation and timescale of activation of each channel
population as a function of voltage, as well as the maximal conductance of each
population (the total conductance of a channel population when all constituent
channels are open). In addition to this information, they also determined the
reversal potential of each channel population, equivalent to the Nernst potentials
for Na+ and K+, in order to determine the appropriate current flow mediated by each
resulting from a given level of activation. The membrane model proposed by
Hodgkin and Huxley is shown in Fig. 6.3b and the components are described
in the following sections.

3.4.3

Model of the Potassium and Sodium Conductance

Hodgkin and Huxley represented the voltage dependence of the Na+ and K+
conductances as static maximal conductances, GNa and GK , multiplied by
voltage-dependent gating variables. Upon stepping the voltage of the squid axon
from near the resting potential to more depolarized values, under conditions that
isolated the K+-mediated current, this current was found to activate and remain
activated for the duration of the step. A single voltage dependent gating variable,
n, representing the fraction of open channels, was used to describe the voltage
dependence of this channel. The isolated Na+ current was found to quickly
activate and then, after a short period of time, inactivate. To describe this
behavior, two gating variables were ascribed to this channel. The variable m
describes the activation process of the Na+ current and another variable, h,
describes the inactivation process. All three gating variables were assumed by
Hodgkin and Huxley to possess first-order kinetics. The n gating variable, for
example, was described by
an ðVm Þ

C $ O;
bn ðVm Þ

(6.13)
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where C is the closed state and O is the open state of the channel. an(Vm) and bn(Vm)
represent the rates of channel opening and closure, respectively, both voltagedependent quantities. If n is the fraction of open channels, then 1  n represents
the fraction of closed channels, and one may write an expression for the change in
the fraction of open channels,
dn
¼ an ðVm Þ  ð1  nÞ  bn ðVm Þ  n:
dt

(6.14)

Alternatively, we can write
dn n1 ðVm Þ  n
¼
;
dt
tn ð V m Þ

(6.15)

where n1(Vm) is the steady-state fraction of open channels at a voltage, Vm,
calculated as
n1 ð Vm Þ ¼

a n ð Vm Þ
;
an ðVm Þ þ bn ðVm Þ

(6.16)

and tn(Vm) is the time constant of this process defined as
t n ð Vm Þ ¼

1
:
an ðVm Þ þ bn ðVm Þ

(6.17)

We leave the derivation of these expressions as a useful exercise for the reader.
The time constant [Eq. (6.17)] and steady-state activation [Eq. (6.16)] of the gating
variable can be measured experimentally in voltage-clamp experiments.
The m and h variables governing the Na+ conductance are described in the same
manner. The steady-state value and time constant for each gating variable are
depicted in Fig. 6.4. Notice that m and n, representing activation of the Na+ and
K+ currents, increase with increasing voltage, while h decreases with increasing
voltage. In addition, the activation of the Na+ channel takes place on a substantially
shorter timescale than the activation of the K+ channel or the inactivation of
the sodium channel.

3.4.4

Potassium and Sodium Currents

With descriptions of the rate constants describing opening and closure of the m, n,
and h, gates, Hodgkin and Huxley were able to calculate the current produced by
each channel. When fitting this model to their data, the K+ current, IK, in nanoamps
(nA), was found to depend roughly on the fourth power of the gating variable n,
in the squid axon,
IK ¼ GK n4 ðVK  Vm Þ;

(6.18)
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b

Fig. 6.4 Steady-state amplitudes (a) and time constants (b) of the Hodgkin–Huxley gating
variables vs. membrane potential

where GK is the maximal conductance, in nanosiemens (nS), of the potassium
channel population and VK is the Nernst potential of K+. The reversal potential for
potassium, VK, is approximately 90 mV, slightly more negative than the resting
potential. Therefore, when the membrane voltage is more positive than VK, activation of this conductance leads to increased K+ permeability and hyperpolarization
of the membrane, as the membrane potential moves closer to the Nernst potential
for K+.
In an analogous fashion, the Na+ current INa was found to depend on approximately the third power of m, the gating variable controlling activation of the Na+
conductance, and the first power of h, which controls the inactivation process of this
channel. The Na+ current, INa, therefore, may be represented as
INa ¼ GNa m3 hðVNa  Vm Þ;

(6.19)

where GNa is the maximal conductance of the population of Na+ channels and VNa
is the Nernst potential for sodium. The Nernst potential for sodium is approximately
+61 mV and so activation of Na+ channels leads to depolarization of the membrane.
Finally, the leak current, Ileak, is modeled as a linear function of voltage, with
reversal potential, Vleak. Because this conductance is static, it is not controlled by
a gating variable, instead modeled simply as
Ileak ¼ Gleak ðVleak  Vm Þ;

(6.20)

where Gleak represents the constant leak conductance. The leak current has a
reversal potential near the resting membrane potential, approximately 60 mV.
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Complete Hodgkin–Huxley Model

Combining these currents with the current due to membrane capacitance and
an extrinsic injected current produces the membrane equation for the HodgkinHuxley model:
Cm

dVm
¼ Iinj  Iion ;
dt

(6.21)

where Iion is the sum of the Na+, K+, and leak currents:
Iion ¼ GK n4 ðVm  VK Þ þ GNa m3 hðVm  VNa Þ þ Gleak ðVm  Vleak Þ:

(6.22)

The Hodgkin–Huxley model is composed of four ordinary differential equations
describing the time evolution of the three gating variables n, m, and h and the voltage
of the membrane, Vm. Notice that its form is similar to the passive membrane
equation with the addition of two nonlinear, voltage-gated conductances, and reversal potentials appropriate for the ions to which each conductance is permeable. The
Hodgkin–Huxley equations [Eqs. (6.18)–(6.22)] describe exactly the dynamics of
the circuit depicted in Fig. 6.3b.
When endowed with physiologically accurate parameters, this model reproduces
the action potential waveform observed in the giant axon of the squid as well as
many other aspects of the voltage dynamics observed in this system. Figure 6.5
illustrates the voltage waveform of the action potential and the time course of the
gating variables, conductances, and currents during the action potential.

3.4.6

Normalized Units in the Hodgkin–Huxley Model

This description of the Hodgkin–Huxley model has been provided in terms of the
macroscopic quantities, current, conductance, and capacitance. Normalizing by
surface area, as in Sect. 2.2.3, provides an analogous description of the model in terms
of current density, conductance density, and specific capacitance. The membrane
equation for the Hodgkin–Huxley model in normalized units is
cm

dVm
¼ iinj þ iion
dt

(6.23)

with
iion ¼ gK n4 ðVK  Vm Þ þ gNa m3 hðVNa  Vm Þ þ gleak ðVleak  Vm Þ:

(6.24)

In Eqs. (6.23) and (6.24), each gi is a conductance density, in mS/cm2, cm is the
specific capacitance of the membrane, in mF/cm2, and the current terms are replaced
by current densities, iinj and iion, in mA/cm2. The gating variables m, n, and h are
unitless fractions and therefore remain the same.
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Fig. 6.5 An action potential (top panel). The associated values of the Hodgkin–Huxley gating
variables (2nd panel), sodium and potassium conductances (3rd panel), and ionic currents (bottom
panel)

3.5
3.5.1

Behavior of the Hodgkin–Huxley Model
Action Potentials and Threshold

Introducing a positive current pulse, Iinj, into the axon results in a depolarization of
the membrane potential. If the magnitude of this current is large enough, it will
trigger activation of the Na+ conductance (i.e. an increase in the variable, m, which
possesses fast kinetics; see Fig. 6.4), resulting in additional depolarization and an
increased inward current. This produces a positive feedback loop in which the
membrane potential and the Na+ current continue to increase at increasingly higher
rates. This process is responsible for the upstroke of the action potential.
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This depolarization is halted as the slower h variable begins to decrease
(representing inactivation of the Na+ conductance; dotted line in second panel of
Fig. 6.5) and the n variable begins to increase (activation of the hyperpolarizing K+
conductance; dashed line of second panel in Fig. 6.5). The hyperpolarization
brought about by the combination of decreased Na+ conductance and enhanced
K+ conductance results in the downstroke of the action potential. Because the n and
h variables are relatively slow to respond to changes in voltage, a small undershoot
of the resting membrane potential occurs before these variables return to their
equilibrium states. This brief hyperpolarization following the action potential
is termed the after-hyperpolarization, and is discussed in more detail in Sect. 5.3.
The action potential is an all-or-none event triggered when the state variables of
the model cross a threshold hyper-plane in its four-dimensional (m, n, h, Vm)
state space. However, this threshold is often approximated as a simple scalar
voltage threshold. Small depolarizing currents that do not move the membrane
voltage across the voltage threshold produce insufficient change in the activation of
the Na+ conductance to recruit the positive feedback necessary for an action
potential. Depolarizing stimuli that are too small to elicit an action potential are
termed subthreshold, in contrast with larger, suprathreshold stimuli that produce a
full spike in membrane potential. After a subthreshold stimulus, the membrane
relaxes back to its resting potential, and because the voltage-gated channels are
minimally recruited, this subthreshold response is very similar to the response to
current input of the passive membrane considered in Sect. 2 (Fig. 6.1).

3.5.2

Refractory Period

Following an action potential, the squid giant axon displays a refractory period,
during which the membrane is less excitable than at rest. The refractory period
follows from two factors: the residual activation of the K+ current, as indicated by
the elevated value of the n gate in Fig. 6.5, as well as inactivation of the Na+ current,
as indicated by the depressed value of the h gate in Fig. 6.5. This feature is captured
by the Hodgkin–Huxley model. During this period of reduced excitability, a larger
depolarization may be required to cause an action potential (the relative refractory
period), or it may not be possible at all (the absolute refractory period). During the
refractory period, the assumption of a fixed voltage threshold does not apply.

3.6

Assumptions of the Model

The ability of the Hodgkin–Huxley model to reproduce the biophysical phenomena
observed in the squid axon remains one of the most important achievements in
the modeling of excitable cells. However, it is important to keep in mind the
assumptions that were made in its construction. First, Hodgkin and Huxley took
the various ionic currents to be independent, meaning that the effect on the
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membrane potential of each current could be described as a simple sum of the
individual components. Second, ionic currents were assumed to be ohmic. Thus they
could be calculated as the product of the ionic conductance and the difference
between the membrane potential and the reversal potential of each ionic species.
Finally, the model assumes that the ionic conductances can be described simply as a
fraction of the maximal conductances, according to their respective gating variables,
which for the Na+ conductance are assumed to be independent [4]. Subsequent
research has shown that many of these assumptions do not strictly hold. However,
when more accurate models have been constructed, they behave mostly in a qualitatively similar manner. The immense and continued influence of the
Hodgkin–Huxley approach, despite its known inaccuracies, lies in its direct
connection to voltage-clamp data, its relative simplicity, and its demonstrated
ability to account for a diverse body of experimental results, including those
described in Sects. 4–6 below.

4 Propagating Activity
The Hodgkin–Huxley model was derived from data collected under conditions of
“space clamp” (i.e., with a wire inserted down the length of the axon to short-circuit
the interior; Fig. 6.3a). However, the crowning achievement of their work was that
they were able to model propagation of the action potential in the non-spaceclamped cylindrical squid giant axon, and to show that the propagating solution is
stable only for velocities near those measured experimentally. They accomplished
this goal by assuming a traveling-wave solution and thus simplifying the problem
considerably [4]. With the benefit of modern computer technology, it is fairly
straightforward to dispense with the traveling-wave assumption and instead to
simulate directly electrical behavior in spatially extended processes with arbitrary
geometry and channel properties.
Figure 6.6a shows a circuit diagram of a long process with membrane potential
that varies with distance along the membrane. From Ohm’s law:
ri DxIa ðx; tÞ ¼ Vin ðx; tÞ  Vin ðx þ Dx; tÞ;

(6.25)

where ri is the intracellular resistance per unit length, Dx is the length of the
“compartment” of membrane that can be considered isopotential, and Ia is
the magnitude of the axial current between neighboring compartments. Because
the exterior environment is assumed to be short-circuited at all locations, we can
assume Vout ¼ 0, and thus that Vm(x,t) ¼ Vin(x,t). Making this substitution,
dividing both sides by Dx, and taking the limit as Dx ! 0 yields
ri Ia ðx; tÞ ¼ 

@Vm ðx; tÞ
:
@x

(6.26)
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Fig. 6.6 (a) Electrical-circuit representation of an unmyelinated axon. (b) A propagating action
potential in a model of an unmyelinated axon

Another relationship for Ia ðx; tÞ can be derived by applying Kirchhoff’s current law:
Ia ðx; tÞ ¼ Dxi^m ðx þ Dx; tÞ þ Ia ðx þ Dx; tÞ;

(6.27)

where, for mathematical convenience, we have defined membrane current per unit
length i^m ¼ Im =Dx . Rearrangement and taking the infinitesimal limit of this
equation yields
@Ia ðx; tÞ
:
i^m ðx; tÞ ¼ 
@x

(6.28)

We can combine Eqs. (6.26) and (6.28) as follows:
 ri

@Ia ðx; tÞ @ 2 Vm ðx; tÞ
¼
¼ ri i^m ðx; tÞ:
@x
@x2

(6.29)

To write a more specific version of this equation, we must specify the relationship
between membrane potential Vm and membrane current per length, i^m . For the
Hodgkin–Huxley model,
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im ðx; tÞ ¼ cm

@Vm ðx; tÞ
þ iion ðx; tÞ;
@t

(6.30)

where iion(x,t) is the sum of the conductance-based current fluxes,
iion ðx; tÞ ¼ gK n4 ðVm ðx; tÞ  VK Þ þ gNa m3 hðVm ðx; tÞ  VNa Þ
þ gleak ðVm ðx; tÞ  Vleak Þ:

(6.31)

To bridge between im, with units of current per unit area, and i^m , with units of
current per unit length, we must consider the geometry of the axon or other neuronal
process. If we assume that our neural compartments are cylindrical with length Dx and
radius a, then i^m ¼ 2paim . Thus, for a cable with Hodgkin–Huxley conductances, we
have the equation,


@ 2 Vm ðx; tÞ
@Vm ðx; tÞ
þ iion ðx; tÞ :
¼ 2pari cm
@x2
@t

(6.32)

In practice, this nonlinear partial differential equation is difficult or impossible to
solve analytically under most conditions. The more useful approach is to build a
compartmentally discretized version of the equations, and to solve a set of nonlinear
ordinary differential equations computationally. One way to derive this equation is
to use a spatially discrete approximation of the second spatial derivative above.
In this example, one would solve the ordinary differential equation below for each
compartment,
dVm ðx; tÞ
1
¼
dt
cm

!
1 Vm ðx þ Dx; tÞ  2Vm ðx; tÞ þ Vm ðx  Dx; tÞ
 iion ðx; tÞ :
2pari
ðDxÞ2
(6.33)

This intimidating-looking equation is easy to derive [5, 6] and is conceptually
simple. The second spatial derivative gives rise to currents that are proportional to
the voltage differences between the current compartment and its immediate
neighbors, according to Ohm’s law. The term, iion, comes from the membrane
within the compartment. One must also find a sensible way to determine ri,
the intracellular resistance per unit length. For intracellular fluid with volume
ri
resistivity ri, in units of O-cm, ri ¼ pa
2 , giving a version of the compartmental
equation that depends only on the geometry of the cylinder and fundamental
properties of the intracellular medium and membrane:
dVm ðiÞ
1
¼
dt
cm

!
a Vm ði þ 1Þ  2Vm ðiÞ þ Vm ði  1Þ
 iion ðiÞ :
2ri
ðDxÞ2

(6.34)
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In this equation, we have also indexed the compartments using the compartment
number i rather than the position of the compartment, x.
For physiological parameters, an action potential initiated in a long, unbranching
process such as the squid giant axon propagates away from the site of initiation
without decrement in amplitude (Fig. 6.6b). Hodgkin and Huxley managed to solve
this problem with 1950s technology by using an ingenious traveling-wave assumption. However, solving for the voltage profile in a branching or nonhomogeneous
structure requires numerical simulations of equations like those above. Although
good software packages exist to solve conductance-based equations for spatially
extended neural models, it is a useful exercise to solve a set of equations from
scratch, using a general numerical analysis program like MATLAB or XPP. One of
the major issues that arises in such models is that of equation stiffness: a very small
value of Dx can be required for accuracy, but small values of Dx can force the
numerical algorithm to take exceedingly small time steps, and in fact can make
the problem numerically unstable in some cases. Good software packages like
NEURON or GENESIS have been written especially to solve these problems
efficiently and accurately, and are described in Sect. 13.
Many of the large axons in mammals are myelinated. The myelin sheath is
electrically passive, as is the axonal membrane underneath the sheath. This portion
of the axonal membrane can be modeled as passive, with very high membrane
resistivity and low membrane capacitance. Between myelin sheaths are hot spots,
called nodes of Ranvier, with very high densities of voltage-gated sodium and
potassium channels. Action potential propagation in myelinated axons is saltatory,
jumping from one node of Ranvier to another. The effect of myelination is to speed
up propagation in large axons substantially, and to make propagation velocity
proportional to axonal radius a [7].

5 Diversity in Channels and Electrical Activity
Although the squid giant axon provided an ideal preparation for early studies of
neuronal excitability, it represents only one of the many patterns of electrical
excitability that have been observed in neurons. Since the pioneering work of
Hodgkin and Huxley, neurons have been described that exhibit a host of identifiable
behaviors. These include various forms of burst spiking, rebound spiking, afterhyperpolarization trajectories, spike-rate adaptation, and subthreshold membrane
potential oscillations. Electrophysiological characteristics such as these are
mediated by voltage-gated ion channels, including the sodium and potassium
channels described in the squid giant axon, as well as ligand-gated channels
sensitive to neurotransmitters and intracellular species such as calcium [8]. Here
we briefly describe these forms of electrical activity and the ionic mechanisms that
have been used to construct models of them.
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Bursting

Bursting is a pattern of spiking in which groups of spikes occur closely spaced in
time (the burst), flanked by relatively long periods of inactivity (the inter-burst
intervals). Bursting can be generated intrinsically, as a result of the combination of
ionic currents present in a neuron, or as a result of extrinsic synaptic input
originating from other cells in a local network. Thalamocortical (TC) relay neurons
represent a neuron type that exhibits action potential firing in both regular and
bursting patterns intrinsically, with mechanisms that are well understood [9, 10].
In TC neurons, high frequency bursts of action potentials are generated following
the activation of T-type calcium channels. T-type channels are activated at membrane potentials more negative than the resting membrane potential and have slow
kinetics. As a result of these two properties, hyperpolarization induced by transient
synaptic inhibition, or hyperpolarizing current injected through a recording pipette,
activates T-type calcium channels. The activation of this population of channels,
which is highly expressed in the proximal dendrites of TC neurons, leads to a strong
depolarization of the neuron and the generation of a high-frequency (~300 Hz) burst
of action potentials (Fig. 6.7a bottom). This burst is terminated when the calcium
channels inactivate (among other factors) and the neuron’s voltage returns to rest.
In contrast, TC neurons exhibit a regular firing pattern when spiking is not preceded
by hyperpolarization, as the T-type calcium current remains inactivated (Fig. 6.7a
top). The bursting and regular firing behaviors of TC neurons can be reproduced in a
model incorporating a representation of the T-type calcium channel with the correct
voltage dependence and kinetics.
In general, bursting requires the presence of a channel population or other
process that operates on a timescale that is slower than the transient sodium and
delayed rectifier potassium channels responsible for the upstroke and subsequent
repolarization of the action potential. In addition to the T-type calcium channel,
such mechanisms can include calcium-activated potassium channels and slow,
hyperpolarization-activated cation channels.

5.2

Subthreshold Oscillations

Several types of neurons exhibit small-amplitude oscillations of membrane voltage
below spike threshold. These subthreshold oscillations (STOs) vary in their
frequency, amplitude, and in the channels responsible for producing them.
Mesencephalic V neurons of the brainstem and stellate neurons of the medial
entorhinal cortex illustrate two distinct forms of STOs. In both cases, these
oscillations emerge and increase in amplitude, reaching 5 mV or more, as the
voltage of the neuron increases towards spike threshold. The STOs in each cell
type emerge, however, at frequencies and by mechanisms which differ substantially.
Mesencephalic V neuron STOs are often observed at frequencies between 50
and 100 Hz [12]. In contrast, the STOs of stellate neurons are typically recorded in
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Fig. 6.7 (a) Tonic spiking and bursting in a thalamocortical relay neuron. (b) Subthreshold
oscillations in an entorhinal stellate neuron. (c) After-hyperpolarization, indicated by the arrow,
of a neocortical fast-spiking interneuron. (d) Spike-frequency adaptation in response to DC current
in a neocortical pyramidal neuron. (e) Bistability, in which the neuron can fire at high rates or be
silent in response to the same level of DC current; the current pulses in the bottom trace can move
the cell from one regime to the other. (f) Rebound spiking, in which a stellate neuron of
the entorhinal cortex fires an action potential after being released from hyperpolarization. Panel
(a) adapted from [10] and panel (e) adapted from [11]. Other panels are from our laboratory’s
unpublished data
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the 2–8 Hz frequency band [13] (Fig. 6.7b), a difference of more than an order
of magnitude.
Experimental and modeling studies have established that subthreshold
oscillations in both cell types are generated by the interplay of a channel population
possessing slow kinetics with a regenerative current possessing fast kinetics.
In both cases, the regenerative current is believed to be the persistent sodium
current, which is similar to the sodium current described in the squid giant axon,
but does not inactivate following activation of the channel. This channel activates
in response to small depolarizations, thus depolarizing the membrane further.
The interplay between the slowly activating current, which acts as an inductive
element in the membrane, and the membrane itself, which is inherently capacitive,
results in a resonant membrane in which fluctuations in a certain frequency band are
preferentially amplified [14]. In mesencephalic V neurons, the slowly activating
current is believed to be a non-inactivating low-threshold potassium current with an
activation time constant of ~10 ms [12]. In stellate neurons, the hyperpolarizationactivated cation current, Ih, having an activation time constant of ~100 ms, fulfills
this role [15]. The difference in activation kinetics controls the inductive strength of
these currents and explains the frequency of observed STOs.

5.3

After-Hyperpolarizations and After-Depolarizations

After-hyperpolarizations (AHPs) and after-depolarizations (ADPs) refer to the
voltage trajectory following an action potential. If the voltage follows a trajectory
more negative than rest, then it is referred to as an AHP, as in the squid giant axon,
while voltage trajectories more depolarized than rest are termed ADPs. Neurons can
express one or more of these characteristics sequentially as a result of the sequential
activation of multiple membrane mechanisms. Figure 6.7c illustrates the voltage
trajectory following a spike in a fast-spiking interneuron of the somatosensory
cortex. This neuron exhibits a strong, fast AHP under control conditions. In these
neurons, the AHP produces complete de-inactivation of sodium channels immediately after the spike, as a result of the strong hyperpolarization, allowing these
neurons to fire at high rates. The presence of AHPs and/or ADPs has been shown to
impact the excitability of a neuron following an action potential in many ways.
AHPs contribute to post-spike refractoriness and can determine the frequencies at
which a neuron may spike preferentially. ADPs typically provide a short time
window of enhanced excitability following each action potential. This may result
in a propensity to fire pairs or bursts of closely spaced spikes. AHPs and ADPs are
shaped by the particular combination of ion channels present and by passive current
fluxes determined by the morphology of the cell. A host of voltage- and calciumgated ion channels have been shown to contribute to AHPs and ADPs and they are
often generated by the combined activity of several such populations.
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Spike-Frequency Adaptation

In response to a constant injected current, many neurons fire action potentials
repetitively at a frequency that depends on the amplitude of the injected current.
Commonly, however, the interval between successive action potentials becomes
longer and longer as more and more spikes are fired, until a steady-state firing
frequency is reached (Fig. 6.7d, unpublished data). This decreasing spike frequency
in response to a stimulus is termed spike-frequency adaptation (or accommodation).
Spike-frequency adaptation occurs as a result of activating outward currents or
inactivating inward currents. The change in activation of these currents may be due
to the sustained depolarization on top of which spikes ride, or through a spikedependent mechanism in which each spike leads to an incremental change in some
activation variable. Common ionic mechanisms underlying spike-frequency adaptation include the M-type potassium current IM [16], calcium-activated potassium
currents [17], and cumulative partial inactivation of the fast sodium current responsible for the upstroke of the action potential [18].

5.5

Bistability

Some neurons exhibit two stable states for the same value of injected current. In one
state, the cell resides below spike threshold and remains quiescent, while in the
other state it generates action potentials repetitively. A brief stimulus may transition
the neuron from the resting state to the spiking state, where it remains indefinitely,
until another, correctly timed stimulus transitions it back to the resting state again.
Bistability is exhibited by Purkinje neurons of the cerebellum [19]. Figure 6.7e
illustrates that a positive pulse of current can switch the state of these neurons from
resting to spiking and a second pulse can subsequently facilitate a switch back to the
resting state. Many neurons exhibit bistability over a small range of injected current
amplitudes, including many neocortical fast-spiking interneurons, which transition
between fast spiking and quiescence as a result of noisy membrane fluctuations.
In fact, under certain experimental equations, even the squid giant axon has been
shown to exhibit bistability [20]. Bistability is not generally associated with
any specific membrane mechanism, but rather is a product of the dynamics produced by the sum total of all passive and active elements in the cell membrane.
For an in-depth discussion of membrane behaviors from a dynamical systems
perspective, see the treatment by Izhikevich [21].

5.6

Post-inhibitory Rebound Spiking

Post-inhibitory rebound spiking occurs when spikes are induced following a
hyperpolarization of membrane voltage. This phenomenon may be observed in
response to inhibitory synaptic input or the injection of hyperpolarizing current
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Fig. 6.8 (a) Filled pyramidal
cell, showing locations of
simultaneous patch-clamp
recordings. (b) In response to
depolarization via the
dendritic electrode, the
dendrite can fire an action
potential, which in this case
does not propagate to the
soma. Adapted from [24]
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with a recording pipette. As illustrated previously, the T-type calcium current
mediates rebound bursts in thalamocortical relay neurons, but rebound spiking
may be generated by any current that contributes to an increase in excitability in
response to hyperpolarization of the membrane. Channel populations contributing
to rebound spiking must also have kinetics that are slower than the kinetics of the
cell membrane, so that the increase in excitability effected at hyperpolarized
potentials does not subside before spike threshold is reached. Post-inhibitory
rebound spiking may also be generated in cells expressing the hyperpolarizationactivated cation current, Ih (Fig. 6.7f).

6 Nonlinear Dendritic Processing
Initially treated as passive cables [5, 6, 22], dendrites have since been shown to
contain a host of nonlinear active conductances, serving to shape synaptic inputs
originating at dendritic locations [23]. This realization was made possible
by technological advancements that allowed for access to membrane voltage at
dendritic locations with a high signal-to-noise ratio (Fig. 6.8a). The introduction
of differential interference contrast microscopy, in particular, provided unprecedented optical contrast in thick tissue specimens, permitting visualization of
dendritic processes in live tissue. In studies taking advantage of these technical
advances, it was observed that sodium-based action potentials generated in the
somata of neocortical pyramidal neurons could propagate into dendrites as well as
along the axon [25]. Although dendritic spikes are often smaller in amplitude and
broader than somatically recorded spikes (Fig. 6.8b), this seminal work
established that dendrites may behave in a strongly nonlinear manner.
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Dendritic Channel Expression

In addition to sodium channels, a plethora of other voltage-gated channels have
been described in dendrites. In pyramidal neurons residing in region CA1 of the
hippocampus, these include a host of voltage-gated calcium and potassium
channels, as well as Ih, the slow inward current activated at hyperpolarized
potentials [26]. The position-dependent expression of these ion channels indicates
that different dendrites, and different positions along the same dendrite, may
integrate synaptic inputs with variable efficacy, and at different preferred temporal frequencies. Although the data are limited to a handful of cell types with largediameter primary dendrites, voltage-gated ion channels have been documented in
the dendrites of all (or nearly all) the examples studied [26], suggesting that
nonlinear processing in dendrites may be the rule rather than the exception.

6.2

Dendritic Excitability

Although sodium-based action potentials generated at the soma of a neuron may
propagate into the dendrites, this type of spike is generally not initiated in response
to dendritic synaptic input. However, voltage spikes mediated by voltage-gated
calcium channels and synaptic NMDA receptors do occur in this manner in some
cells. In neocortical pyramidal neurons, activation of sufficient glutamatergic
synapses in the distal apical tuft induces an all-or-nothing spike that relies upon
voltage-gated calcium channels [24]. These calcium spikes do not propagate
actively to the soma but do contribute to nonlinear integration of distal inputs
(Fig. 6.8b). In contrast, convergent input onto smaller, basal dendrites of these
neurons results in an all-or-none event that is heavily dependent upon the activation
of NMDA channels [27]. These results illustrate that dendrites are heterogeneous,
nonlinear structures whose function has only begun to be understood.

7 Simple-Neural Models
7.1

Integrate-and-Fire Model

In addition to the Hodgkin–Huxley formalism, which describes model neurons in
terms of conductances representative of populations of ion channels with voltagedependent gating variables, neuron models take on numerous other forms. The
integrate-and-fire model, first studied more than a century ago by Lapicque [28],
represents one of the first, and simplest, models describing the neuron. The ideal
integrate-and-fire model is described by
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Cm

dVm
¼ Iinj ðtÞ:
dt

(6.35)

This equation describes the charging of a capacitive circuit (the membrane) with
capacitance, Cm, and represents the behavior of a neuron in the subthreshold regime
in response to a time-varying injected current, Iinj ðtÞ. The left side of Eq. (6.35) is
identical to the capacitive current described in Sect. 2.2.1. Instead of explicitly
modeling the sodium and potassium currents responsible for spike generation and
repolarization, a hard threshold is applied. Upon a threshold crossing of voltage,
a spike is considered to have occurred and the following reset condition is applied:
If Vm >Vthresh ;

then Vm ¼ Vreset :

(6.36)

This model is a perfect integrator, in that the effect of any current input, no
matter how small or brief, will affect the voltage of the model for all time. In real
neurons, however, the effect on voltage of an input decays with time. For this
reason, the resistance, Rm, of a cell membrane is commonly incorporated into
this model in addition to the contribution of membrane capacitance. In this case,
it is termed the leaky integrate-and-fire (or LIF), and is described by
Cm 

dVm
Vm
¼ Iinj ðtÞ 
:
dt
Rm

(6.37)

Here, the membrane leak current, Vm =Rm , reverses direction when the voltage
changes sign. The circuit equivalent of the leaky integrate-and-fire neuron in the
subthreshold regime is depicted in Fig. 6.9a and is equivalent to the passive membrane considered in Sect. 2. The more realistic scenario, in which the membrane leak
current reverses at a negative voltage, near resting potential, may be obtained by a
simple substitution of variables, where Vm 0 ¼ Vm  Vleak, although the two forms are
equivalent mathematically. The LIF neuron model, while highly idealized, captures
the most basic aspects of neuronal responsiveness and is analytically tractable for
many problems. Because its behavior can be described in a mathematically precise
fashion, the LIF has been an invaluable tool for neural modeling.

7.2

Behavior of the Leaky Integrate-and-Fire Model

Given a constant current input, the leaky integrate-and-fire model approaches a
steady-state voltage,
VSS ¼ Iinj  Rm :

(6.38)

If VSS is more depolarized than spike threshold, then repetitive spiking results
(Fig. 6.9b). This condition occurs when the injected current, Iinj, is greater than the
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Fig. 6.9 (a) Schematic representations of the leaky integrate-and-fire (LIF) model and the
resonate-and-fire model (RIF). (b) Repetitive firing in the LIF model. Spikes added artificially
for clarity. (c) Responses to pulsatile inputs at different rates in the two models. Panel (c) adapted
from [29]

rheobase current, Irheo, the minimum current that produces action potentials. Irheo
can be solved for algebraically:
Irheo ¼

Vthresh
:
Rm

(6.39)

If a subthreshold injected current is applied, such that Iinj < Irheo, then
the voltage of the LIF will approach Vss exponentially. If the initial voltage of the
LIF is V0 before the constant current is applied, then its voltage trajectory becomes
Vm ðtÞ ¼ VSS þ ðV0  VSS Þ  et=t ;

(6.40)

where t ¼ RmCm is the membrane time constant. Hence, the steady-state voltage of
the model is determined only by the injected current and the resistance of the
membrane, while the speed with which the membrane voltage approaches a new
steady state is determined by a combination of Rm and Cm.
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If, on the other hand, Iinj >Irheo, then the neuron will repeatedly cross spike
threshold and be subsequently reset to a subthreshold voltage. The frequency of
repetitive spiking can be calculated directly [30] to give


F Iinj






Vthresh  Iinj Rm 1
:
¼ t ln
Vreset  Iinj Rm

(6.41)

For more complicated input current waveforms, the firing frequency may be
calculated analytically as well, making the LIF a useful tool for obtaining
mathematically precise descriptions of neural activity.

7.3

Modified Integrate-and-Fire Models

The leaky integrate-and-fire model has been extended in several ways in order to
obtain more realistic dynamics at the expense of reduced mathematical tractability.
The following are common extensions of the LIF.

7.3.1

Resonate-and-Fire Models

The resonate-and-fire (RIF) model [29] is obtained when a second dynamic variable, U, is added to the LIF model. The variable, U, represents the current mediated
by voltage-gated ion channels or other processes acting as inductive elements in the
membrane, as in Fig. 6.9a. In contrast to the one-variable LIF, the addition of a
second variable allows for models that act as resonators, in that they display
intrinsic oscillatory behavior and/or respond preferentially to oscillatory input at
certain frequencies (Fig. 6.9c). The resonate-and-fire model is described by two
coupled ordinary differential equations:
Cm 

dVm
Vm
¼ Iinj ðtÞ 
 U;
dt
Rm
dU Vm U
¼
 :
dt
b
a

(6.42)

(6.43)

The parameters a and b are the inductance and the time constant of the resonant
process and U represents the resonant current. Like the LIF, the RIF has an artificial
threshold, and upon threshold crossing, the following condition applies:

If

Vm >Vthresh ;

then

Vm ¼ Vreset
:
U ¼ Ureset

(6.44)

6 Neural Modeling

7.3.2

335

Quadratic Integrate-and-Fire Models

The quadratic integrate-and-fire (QIF) model [21] is constructed by adding a
nonlinear term, a dependency on the square of voltage, to the LIF. Unlike the LIF
model, the QIF model generates spikes intrinsically, without the imposition of an
artificial threshold. It does, however, still rely on a reset for repolarization. The QIF
model is written generally as
dVm
¼ Iinj þ aðVm  Vrest ÞðVm  Vthresh Þ
dt

(6.45)

with the same reset condition as the LIF. Here, the variable a is a constant
controlling the excitability of the model and Vthresh is the threshold voltage when
Iinj ¼ 0.

7.3.3

Complexity in Simple Models

Izhikevich [31] developed and characterized a model combining the built-in
threshold of the QIF with the resonance of the RIF. This model is capable of
reproducing many of the behaviors observed in a diverse set of biological neurons
[31]. The dynamics of the Izhikevich model are governed by the equations,
dVm
¼ Iinj  0:04 Vm2 þ 5 Vm þ 140  U;
dt

(6.46)

dU
¼ aðbVm  UÞ;
dt

(6.47)

and the reset condition,
(
If Vm >30 mV;

then

Vm ¼ c
U ¼Uþd

:

(6.48)

with the parameters a, b, c, and d controlling the behavior of the model. Figure 6.10
depicts many of the firing patterns that may be observed by varying parameters of
the Izhikevich model. This example illustrates that a wealth of behaviors may be
obtained in models with as few as two dependent variables, although the biophysical interpretation of parameters in simple models may not always be straightforward. It is a useful exercise for students to code their own version of this model and
to explore its range of behaviors.
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Fig. 6.10 The Izhikevich model, consisting of only two differential equations, can exhibit a wide
variety of firing patterns. Electronic version of the figure and reproduction permissions are freely
available at http://www.izhikevich.com

8 Similar Phenotypes Arising from Disparate Mechanisms
Trying to build a model neuron by matching the full complement of channel types
and densities is a laudable approach. However, this method is fraught with difficulty, because there can be a great deal of variability in channel densities from cell
to cell. Golowasch and colleagues [32] studied this problem in a population of cells
from the crab that act as highly stereotyped bursting neurons in vivo. They had
three major findings. First, measured densities of sodium and potassium channels
were highly variable among different cells of the same class. This result is quite
surprising, given the apparently stereotyped behavior of the neural outputs from
these cells. Second, models with randomly chosen channel densities span a large
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Fig. 6.11 (a) Similar firing
patterns can arise from
substantially different
conductance densities.
(b) Somewhat similar
conductance densities can
give rise to much different
firing patterns. In both cases,
insets show the details
in finer time resolution.
Adapted from [32]

range of electrophysiological behaviors, but many disparate choices of channel
densities replicate the correct stereotyped pattern (Fig. 6.11a). Third, an “average”
model, with mean conductance-density values from their measurements did not
replicate the known in vivo responses. The implication of this finding for modeling
work is that it may be literally impossible to build an accurate model from
painstaking measurement of parameters in a given neuronal type. Similar results
have been seen in other studies [33, 34]. Overall, this body of work emphasizes the
point that particular values of parameters do not seem to be preserved by neurons.
Instead, it is believed that individual neurons of a given type appear to have a
mechanism by which they co-vary channel densities and perhaps other parameters
in order to “tune” resulting output behavior [33]. This fascinating set of results
gives credence to more mathematically abstract, dynamical-systems-based
approaches of understanding the physiological behaviors of neurons. As described
in detail elsewhere [21], dynamical systems models depend not on the specific ion
channels and their densities but rather on the underlying mathematical forms that
give rise to particular behaviors.
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9 Synapse Models
Constructing models containing more than a single neuron requires an accurate and
computationally efficient representation of the synapses connecting them. The most
common type of synaptic transmission incorporated into computational models
is ionotropic transmission. Ionotropic synaptic transmission is mediated by the
activation of ionotropic channels on a postsynaptic neuron by neurotransmitters
released from a presynaptic neuron. Ionotropic channels are those that act as both
the receptor and the ion channel; one or more neurotransmitter molecules bind to
the protein, inducing a conformational change that opens a pore in the membrane
through which ions may flow.
The excitatory AMPA (2-amino-3-(5-methyl-3-oxo-1,2-oxazol-4-yl)propanoic
acid) and NMDA (N-Methyl-D-aspartic acid) receptors and the inhibitory GABAA
(g-aminobutyric acid A-type) receptor are responsible for the majority of fast
chemical synaptic transmission in the nervous system. Models of ionotropic
synapses take many forms. The simplest and most amenable to mathematical
analysis is the representation of synaptic transmission by a scaled delta function
of current. In this model, the voltage of a postsynaptic neuron is simply incremented
(decremented) following an action potential in a synaptically connected excitatory
(inhibitory) neuron.
To more accurately capture the postsynaptic effect of a presynaptic spike,
synapses may be represented by an input current waveform qualitatively similar
to those recorded in voltage-clamp experiments from intact neurons. This synaptic
current waveform may be described by an exponentially decaying current,


ttspike


Isyn ðtÞ ¼ H tspike a  e tfall ;
(6.49)
that captures the decay time course of the synaptic current but reaches its maximum
instantaneously, or a difference-of-exponentials waveform,
  tt

ttspike
spike


Isyn ðtÞ ¼ H tspike a e tfall  e trise
;
(6.50)
that captures both the rise and fall kinetics of the waveform. The alpha function,
i

h
(6.51)
IsynðtÞ ¼ H tspike a2 teaðttspike Þ ;
which requires fewer computations than a difference-of-exponentials waveform,
also has nonzero, but coupled, rise and decay times. In the above equations, H(t)
denotes the Heaviside unit-step function,

0; t<0
HðtÞ ¼
:
(6.52)
1; t  0
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Although in many circumstances synaptic activation is well-approximated by
the addition of a current source to a model neuron, the postsynaptic effect is more
accurately represented by a change in synaptic conductance. This disparity has two
important implications. First, representing synaptic activation as a conductance
change introduces a voltage dependency in the synaptic current due to the reversal
potential of each channel. Second, an increase in open channels following synaptic
transmission leads to a change in the effective membrane resistance, resulting in the
“shunting” of other membrane currents. This indirect effect on excitability has
particular importance when considering inhibitory synapses. Synaptic conductance
inputs may be described like other membrane conductances,
Isyn ðtÞ ¼ Gsyn sðtÞðVm  Vsyn Þ;

(6.53)

where Gsyn represents the maximal conductance of the synapse; s(t) is the so-called
activation variable, a time-varying quantity that may be described as a single
exponential, double exponential, or alpha function [Eqs. (6.49)–(6.52)]; and Vsyn
is the reversal potential of the channel.
An even more realistic representation of synaptic activation can be obtained by
modeling transmitter release and the open probabilities of a receptor population.
For example, if the concentration of neurotransmitter in the synaptic cleft, [T],
is assumed to be a square pulse with unitary amplitude and short duration, then the
activation function, s(t), may evolve according to
dsðtÞ
¼ as ð1  sðtÞÞ  bs  sðtÞ:
dt

(6.54)

with the forward rate constant as equal to its maximal rate, as, when [T] is high, and
zero when [T] is low:


as ; ½ T  ¼ 1
as ð½T Þ ¼
:
(6.55)
0; ½T  ¼ 0
Figure 6.12 illustrates the shape of current and voltage waveforms resulting from
synaptic inputs modeled using the waveforms described above. With the exception
of the delta function representation, each of the aforementioned models
approximates synaptic input closely.
While these formulations can be used to model AMPA and GABAA receptors,
given appropriate parameters, NMDA receptors have an additional dependency on
postsynaptic voltage. When the membrane voltage at the post synapse is low,
the NMDA pore is effectively blocked by free Mg2+ ions. Subsequent depolarization removes this “Mg2+ block,” allowing for the flow of current when activated by
neurotransmitter binding. The added voltage dependency may be incorporated into
the synapse model by modifying Eq. (6.53) as follows [30]:
Isyn ðtÞ ¼ GMg2þ  sðtÞ  Gsyn ðVm  Vsyn Þ;

(6.56)
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Fig. 6.12 Synaptic currents
(top panel) and resulting
changes in membrane
potential (bottom panel)
generated by a variety of
models of chemical synaptic
transmission

where

GMg2þ


1
½Mg2þ   Vm
16:13
e
¼ 1þ
3:57 mV

(6.57)

and [Mg2+] is the concentration of magnesium ions in the extracellular solution.
The dependency of this receptor on presynaptic transmitter release as well as
postsynaptic depolarization endows NMDA receptors with a unique ability to
sense coincident activity in both neurons. Markov models, which capture channel
kinetics with the highest precision, are also employed for accurate representation of
synaptic activation but are beyond the scope of this chapter.
Electrical synapses, which connect the cytoplasm of neighboring cells, are made
up of pore-forming gap junction proteins and provide another mechanism of cell-tocell communication. Electrical synapses are often modeled as simple resistors, with
the current through the gap junction, Igap, defined as
Igap ¼

Vm;pre  Vm;post
;
Rgap

(6.58)

where Vm,pre is the voltage of the presynaptic neuron, Vm,post is the voltage of the
postsynaptic neuron, and Rgap is the resistance of the gap junction. Some gap
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junctions display rectification (i.e., pass current more readily in one direction than the
other), and in some models this characteristic is included as well.
Metabotropic receptors, whose postsynaptic action are mediated by G-proteincoupled pathways, operate on a much slower timescale and impact postsynaptic
excitability in ways too numerous to describe here.

10

Short-Term Synaptic Plasticity

The efficacy of synaptic transmission has been shown to undergo dynamic changes
depending on the recent history of synaptic activation. Short-term synaptic plasticity encompasses the family of processes controlling usage-dependent changes in
synaptic strength on the timescale of tens of milliseconds to tens of seconds.
Various forms of synaptic enhancement and depression, leading to increases and
decreases in synaptic strength, respectively, are categorized by the timescale
and mechanism of their action. We focus on facilitation, fast enhancement caused
by an increase in the probability of release of presynaptic neurotransmitter-containing
vesicles, and depression, a fast decrease in synaptic strength resulting from depletion
of the immediately releasable pool vesicles in the presynaptic terminal. Examples of
synaptic facilitation and depression are depicted in Fig. 6.13. The biochemistry
of these processes is complex, and so we will focus on a simple phenomenological
model [30] that captures the basic attributes of synaptic facilitation and depression.
This model expands the models of synaptic transmission described in the previous
section to include an additional term, the probability of release, p(t), that multiplies
the previous expression for the synaptic conductance:
Isyn ¼ pðtÞGsyn sðtÞðVsyn  Vm Þ:

a

Facilitation

b

post

post

pre

pre

(6.59)

Depression

Fig. 6.13 (a) In synaptic facilitation, repeated presynaptic trains of action potentials (bottom
trace) lead to successively larger postsynaptic potentials (top trace). (b) In synaptic depression,
postsynaptic potentials become smaller with repeated inputs
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Here, p(t) relaxes exponentially to its steady-state value, p0, during periods of
quiescence,
dpðtÞ
¼  ðp  p0 Þ=tp ;
dt

(6.60)

and undergoes activity-dependent modification whenever an action potential occurs.
The update rule for the probability of release takes the form
p ¼ p þ fF ð1  pÞ

(6.61)

p ¼ fD p

(6.62)

for facilitating synapses, and

for depressing synapses. The factors fF and fD are related to the strength of the
facilitation and depression processes and both parameters are fractional values less
than one. The combination of the decay time constant tp and the factors fF and fD
control the kinetics of the onset of synaptic modification, for a given presynaptic
firing rate, as well as the timescale with which it decays in the absence of activity.
Solving for the steady-state probability of release at a given firing rate is straightforward and is left to the reader as an exercise.
This model assumes a large number of release sites per synaptic connection,
so that the effective postsynaptic current may be represented by the deterministic
Eq. (6.59). In the case of a small number of release sites, the effective postsynaptic
conductance must be determined stochastically.

11

Beyond Single Neurons

Although the modeling of single neurons is a rich and diverse topic that has added
much to our knowledge of how neurons operate, these models are relatively
constrained compared to what might be represented computationally at a network
level. Network models allow one to choose not only the manner in which each
neuron is represented, but also the pattern of connectivity, and the rules that govern
each connection. This follows from the abundance of neuronal and synaptic dynamics described above as well as the limitless topologies that may be envisioned.
Here, we highlight several examples that have been particularly influential.

11.1

Feed-Forward Networks

Networks that are purely feed-forward are those composed of multiple populations
in which one population, or layer, projects to another, and this one to a third, and so
forth in a unidirectional chain (Fig. 6.14a). Cortical processing of sensory input can
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Fig. 6.14 (a) Schematic representation of a feedforward network in which “packets” (correlated
firing in groups of modeled neurons) can either be maintained (b) or dispersed (c). (d) Sustained
activity recorded experimentally in a working memory task and in a model (e). Panel (c) adapted
from [35] and panel (d) adapted from [36]

be abstracted as occurring in a largely feed-forward manner. One particular incarnation of a feed-forward network is the synfire chain, first described by Griffith [37]
and later explored in detail by Abeles [38]. A synfire chain is a strictly feed-forward
network containing many layers in which the first layer receives a stimulating input
that excites a subset of neurons in this layer. Input to the synfire chain may be a
synchronous “packet,” or an asynchronous, continuous input. Connections between
layers are described as all-to-all if every neuron in the first layer projects to every
neuron in the second layer and so forth. A specific pattern or statistical rule may be
used to govern the connections between layers as well.
When the connections between layers are all excitatory and simple-neuron
models are used to represent constituent cells, propagation of activity through the
chain may occur stably only when synchronized volleys of activity are transmitted
from layer to layer (Fig. 6.14b). If the input to the first layer in the chain is incapable
of exciting a sufficient number of cells, then activity will eventually die out as it
propagates through successive layers (Fig. 6.14c). If the first layer is initially
excited in an asynchronous fashion, its degree of synchrony will increase in
successive layers until the activity among all of the neurons in each layer becomes
synchronous. This result has been examined in synfire chains that contain more
realistic neuron models, that contain inhibitory connections, and whose connectivity are sparse (e.g. <10% probability of connection between neurons in successive
layers). While challenging to ascertain generally what patterns may be stably
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propagated in these more complex chains, it is believed that asynchronous activity
may only be transmitted under these conditions when constituent neurons generate
action potentials periodically. Although the synfire chain, as described in isolation,
represents a highly idealized abstraction, the study of these networks has provided
understanding of how activity patterns may propagate through networks of neurons.
Additionally, further research on synfire chains has indicated that the scenario in
which many interwoven chains are contained within a single neuronal population
may have greater biological relevance.

11.2

Persistent Activity

Persistent activity, the autonomous sustained firing of a population or subpopulation
of neurons in the absence of external input, has been observed in a variety of
vertebrates during specific behavioral states in vivo. Of particular interest has been
the persistent firing described in a variety of cortical areas of the monkey during
working memory tasks. While performing a task that requires the subject to remember a cue for a short delay period, a subset of neurons display an increased firing rate,
which remains stable over time, until the precise moment when the delay period ends
(Fig. 6.14d). The mechanisms underlying persistent activity remain unknown,
although modeling studies have helped tremendously in determining when and
how persistent activity may arise.
Most models of persistent activity during working memory tasks assume that
this form of activity originates at the network level, mediated in single neurons by
synaptic input. Initial theoretical work implicated the involvement of local recurrent excitation in this process. Recurrent excitation is capable of providing long
lasting activation after the termination of external input, as the activated subset of
neurons at any instant provides additional excitation to other cells in the local
network. Recurrent activation alone, however, does not lead to stable, constant
activation at the firing rates observed in vivo. Much like the scenario described in
synfire chains, initial inputs activating only a small subpopulation decay with time
and input magnitudes above a certain threshold rise exponentially until unrealistic
rates are obtained. Local feedback inhibition from a population of interneurons has
been proposed as a means to control excessive excitation. Networks containing a
balance of excitatory and inhibitory inputs were found capable of producing persistent activity, but only when parameters governing this balance were tuned with a
precision unlikely to occur in a biological system.
Various solutions have been proposed that alleviate the requirement for fine
parameter tuning: saturating synaptic conductances or firing rates, involvement of
slow NMDA receptors, and the recruitment of multiple interneuron populations.
Using these modifications, modeling studies have been able to closely approximate
the qualitative behavior recorded experimentally (Fig. 6.14e). However, several
aspects of persistent activity have eluded explanation in modeling studies.
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Spike-frequency adaptation and periods of enhanced neural synchrony seem to
disrupt persistent firing in models. When persistent firing is obtained in a model,
termination of this behavior typically leads to a brief enhancement or depression of
firing rates relative to rest that are not observed in experimental recordings.
Further observations that the irregularity of firing increases during the persistently
enhanced state relative to spontaneous firing in the rest state are not captured by
many models. Although these inconsistencies remain to be resolved, modeling
studies have helped to clarify which cellular mechanisms may be plausible for
the generation of persistent activity and the conditions under which it cannot occur.

12

Neural Modeling in Medicine

Given the number of uncertainties involved in constructing a detailed neural model,
it is an immense challenge to construct a model that is accurate enough for medical
application. The successful examples, like the work of Traub and colleagues on
computational models of epilepsy [39], involve immense amounts of work and
extraordinary attention to detail. One medical domain in which neural modeling has
proven quite useful is that of modeling field effects related to electrical stimulation
of neural structures. Relative to many other neural modeling problems, this application has distinct advantages. First, it depends strongly on anatomy that can be
measured accurately in three dimensions using noninvasive methods like traditional
and diffusion-tensor magnetic resonance imaging. Second, the equations that determine the extracellularly evoked electric field are well understood. Third, there exist
accurate models of axonal extracellular stimulation.
As an example, we highlight here a particularly influential computational study of
deep brain stimulation (DBS) by McIntyre and colleagues [40]. By coupling a finiteelement model of the electrode-induced field with a conductance-based model of
neurons in the thalamus, their simulation results suggested that DBS stimuli can
stimulate activity in appropriately oriented axons while simultaneously suppressing
activity in the cell bodies. This computational result was important in helping
researchers to understand paradoxical results in recordings from DBS patients. More
recently, similar models have been used to design customized methods that attempt to
optimize DBS effectiveness while minimizing side effects in individual patients [41].

13

Modeling Resources

A bevy of powerful tools and resources are available to aid in the construction and
simulation of neural models. NEURON (http://www.neuron.yale.edu/neuron)
specializes in the simulation of conductance-based neurons and allows for the
construction of models with realistic morphologies. This software package has
undergone much development, resulting in extensive functionality for tasks as
diverse as importing anatomical data and interfacing with real-time dynamic
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clamp software. GENESIS (http://genesis-sim.org) was developed for purposes
similar to NEURON and attempts to provide a platform for the investigation of
neural models across spatial scales ranging from the sub-cellular to the systems
level. BRIAN a neural simulator developed using the Python programming language (http://www.briansimulator.org), attempts to simplify the process of
constructing complicated networks. The NEST initiative (http://www.nest-initiative.org) has focused on the development of algorithms and visualization methods
in simulation software.
In addition to these simulators, repositories of computational models are another
useful resource. Databases such as ModelDB, cellML, and Visiome have been
introduced to solve two inherent challenges in computational modeling. The first
goal of these databases is to make published models freely and easily available to
any individual who wishes to investigate them. This goal is largely accomplished
through the cooperation of individuals who submit their models to the databases
voluntarily. ModelDB (senselab.med.yale.edu/modeldb) alone currently has well
over a thousand submissions. A second goal of databases like the ones listed here is
to standardize the framework of neural models. CellML (http://www.cellml.org),
for example, in addition to serving as a central repository, has introduced a markup
language proposed as a common language for constructing and sharing mathematical models of biological systems. More specific databases have also been
introduced, such as Visiome (http://visiome.neuroinf.jp/), which specializes in
tools and resources restricted to vision research. These efforts are important
in fostering collaboration and standardization amongst those using neural modeling
to better understand how the nervous system functions.
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